Abstract-The design of nonseparable 2-D filter banks presents several difficulties, which do not arise in the 1-D counterparts. One particular aspect to be taken into consideration is the shape of the passbands of the filters. In the work of Lin and Vaidyanathan, a formulation of perfect-reconstruction (PR) cosine-modulated filterbanks (CMFBs) is proposed, with filters having a "two-parallelogram" (Two-P) support. The design problem is considerably simplified to the design of a single prototype-filter. In this letter, we extend the design method of Lin and Vaidyanathan to design nearperfect reconstruction (NPR) Two-P CMFBs, with the intention of trading off the PR property for filters with better stopband attenuation. We achieve NPR by optimization of the polyphase components of the prototype, imposing a "near power-complementary" constraint. We then demonstrate the better stopband attenuation achieved by the NPR design method, by comparing a PR and NPR design of a three-channel filter-bank.
I. INTRODUCTION
T HE DESIGN of nonseparable filter-banks presents several difficulties, for which there are no analogues in the 1-D case. One particular aspect to be taken into consideration is the shape of the passbands of the filters. The passbands of nonseparable filter-banks have nonrectangular shapes, which are believed to have better potential in representing directional information in images, compared to the rectangular supports obtained using separable filter-banks. A formulation of a two-parallelogram (Two-P) cosine-modulated filter-bank (CMFB) is done in [1] , where the analysis and synthesis filters are cosine-modulated versions of a prototype that has a parallelogram support. This Two-P CMFB formulation has the advantage of low design cost, since the design of the entire filter-bank involves the design of a single prototype filter. However, because of the vertex aliasing effects (lack of vertex permissibility) in the Two-P paraunitary CMFB, the filters designed do not have good stopband attenuation. In this letter, we extend the design method in [1] to design near-perfect reconstruction (NPR) Two-P CMFBs, with the intention of trading off the PR property for filters with better stopband attenuation. The rest of this letter is organized as follows: In the rest of this section, we review the formulation of the Two-P CMFB from [1] , which provides the foundation for the rest of this letter. In Section II, we formulate the NPR design method, and in Section III, we provide design examples of PR and NPR Two-P CMFBs for the three-channel case. For a review of the fundamentals of 2-D multirate-systems, refer to [2] and [3] . Notation: Boldfaced lowercase letters are used to represent vectors, and boldfaced uppercase letters are used for matrices.
denotes the transpose of , and denotes the transposeconjugate of .
denotes the absolute value of (which is the determinant of the matrix ). The lattice generated by a matrix , denoted as , is defined as the set of vectors such that for integer vectors . , the symmetric parallelepiped of , is defined as the set , . is defined as the set of all integer vectors of the form , .
A. Review of Two-P PR Filter-Banks [1] In this subsection, we review the formulation of the Two-P PR filter-banks from [1] . The Two-P filter-banks are a subclass of 2-D filter-banks, where the frequency support of each analysis and synthesis filter is the union of two parallelograms. An example of the supports of a three-channel Two-P filter-bank is shown in Fig. 1(a) . As seen from the figure, the frequency supports of each of the three analysis filters-, , and -are the union of two parallelograms.
To construct such a support configuration, a cosine modulation approach is taken in [1] . The main idea of this approach (which is similar to that of 1-D CMFB) is to design a single prototype filter whose support is an appropriately chosen single parallelogram. Then modulate (shift in the frequency domain) this prototype filter, so as to have a "parallelogram tiling" of the frequency region. This gives a 2-D version of a discrete Fourier transform (DFT) filter-bank, where the filters have complex coefficients. Two filters from the DFT filter-bank are then combined such that the resulting filter has the support of two parallelograms and the filter has real coefficients. To illustrate this for the three-channel case, each of the six parallelograms in Fig. 1(a) represents the frequency support of a filter in a 2-D DFT filter-bank. In the rest of this subsection, we state the conditions/constraints that the prototype filter needs to satisfy for PR (for derivations and proofs, we refer to [1] ).
The aim is to construct a -channel 2-D filter-bank, with decimation matrix . As seen above, we first need to construct a DFT filter-bank having twice the number of channels. So, construct a uniform DFT filter-bank with decimation matrix , where is an integer matrix such that . As described in detail in [1] , for the cancellation of major aliasing, it is required that is Quincunx. The prototype filter in the DFT filter-bank has a parallelogram support . The DFT filters are the shifted versions of the prototype by , for . These DFT filters are further shifted by (so that they can be appropriately combined to form real-coefficient filters later). As shown in [1] , the choice of cancels edge-aliasing and thus constitutes an appropriate choice for (note that Fig. 1(a) shows these shifted DFT filters, for the case of a six-channel DFT filter-bank-or three-channel Two-P filter-bank). A further requirement on the prototype filter for cancellation of major aliasing errors is with mod
With denoting the polyphase matrix of the analysisbank, and with the prototype filter satisfying (1), it is shown in [1] that (see [ 
So to summarize, the design of the PR (paraunitary) Two-P CMFB is done as follows.
1) Design a 2-D prototype filter having passband and satisfying (1) and (3). 2) Obtain the shifted DFT filters by shifting the prototype filter by for . 3) Combine appropriate shifted DFT filters to obtain real-coefficient analysis filters that have a Two-P support. The synthesis filters are obtained from the analysis filters by reflection (since the system is paraunitary), and the synthesis filters also have Two-P support.
II. DESIGN OF NEAR-PR CMFB
The main motivation for designing an NPR filter-bank is the possibility of having a trade-off between the "nearness" of the PR and the stopband attenuation of the filters. In this section, we formulate the NPR design problem in terms of the polyphase components of the prototype filter, for the -channel Two-P filter-bank with decimation matrix .
First, we impose the LP constraint of (1). Thus, (2) holds. Now, instead of enforcing a strict power-complementary constraint on the polyphase components of the prototype filter as in (3), we only impose a "near power-complementary" constraint, i.e., we only require With this, the polyphase matrix of the analysis filter bank is "almost paraunitary," i.e., . Alternatively, this can also be written as diag diag where is the maximum deviation from unity in . Note that, for a good approximation, . To see the implications of this on the reconstructed signal, consider Fig. 1(b) showing the polyphase representation of the filter-bank. Here . When (the paraunitary case), the system is a PR system, since the system then just decomposes the input into its polyphase components and then reconstructs the input back from the polyphase components (the polyphase components only go through an identity transformation). When (NPR case), the system can be interpreted as follows: decompose the input into its polyphase components, each polyphase component is scaled by a real "transfer function" that is close to unity, and then, the polyphase components are then recombined to reconstruct the output signal. Thus, the error in the reconstructed output, or the "nearness" of NPR, is determined by the "nearness" of the power-complementary conditions in the polyphase components of the prototype filter.
III. DESIGN EXAMPLES
We illustrate the NPR design method by taking the threechannel example as in Fig. 1 . The sampling matrix for this case 
A. Design of PR Filter-Bank
With denoting the polyphase components of the prototype, for paraunitariness of the CMFB, we need [from (3)]
. Since and are related due to (4), as well as due to the PC condition, they have to be delays. Also, if we guarantee the PC condition for and , then due to (4), the PC condition is also guaranteed for and . Based on [4] , we can use the following lattice structure to satisfy the PC condition: where , and or or .
So, our aim now is to design the prototype filter with the above structure and optimize the parameters of the structure, choosing an appropriate cost-function for the optimization. Since the structure imposes paraunitariness (and thus PR), we can choose the stopband attenuation of the prototype filter as the cost-function to be minimized-so as to obtain a filter with good stopband attenuation, i.e., optimize the parameters of the structure such that is minimum. For the design example, we use three stages of the lattice, i.e.,
. We choose . Thus, . With three stages of the lattice as chosen above, and each have four coefficients and are of the following form: Fig. 2(a) shows the magnitude of the prototype filter frequency-response, and Fig. 2(b) shows the 3 dB contour plot of the prototype filter to illustrate the passband shape of the designed prototype. The stop-band attenuation of the prototype filter obtained is 11.05 dB. 
B. Design of NPR Filter-Bank
Based on the discussion in the previous section, we now construct an NPR filter-bank. We choose and as above, i.e., . Thus, . We now need to design and as an "almost PC" pair. For the design example, we let . Assuming real-coefficients for , we have . Thus, "almost PC" implies (5) Note that since and are "almost PC," so will be and . To construct a specific design example, we let , thus maintaining the same form for as in the PR design example above (for comparing the PR and NPR designs). We now wish to optimize for the parameters over a suitable cost function. One of the elements in the cost function should be the stop-band attenuation of the prototype filter, as done above for the PR case. However, for the NPR case, we also need to include an element in the costfunction to penalize for the deviation from unity in the "near PC" in (5), which also directly controls the "nearness" of the NPR design (as discussed in Section II). One possible choice of the cost-function can be , where and
The parameter in the cost-function allows us to vary the relative "importance" (weighting) given to the two elements in the cost-function during the optimization process. Fig. 3 shows the prototype filter frequency-response plots for the NPR case.
C. Comparison of Results
A note on optimization: For optimization, in both the cases (PR and NPR design), we use a standard available optimization package-the optimization routine available in the Matlab optimization toolbox [5] , which is provided for nonlinear optimization. We observe that in both the cases (PR and NPR design), the function to be optimized depends nonlinearly TABLE I  NPR-PR DESIGN COMPARISON-THREE-STAGE LATTICE on the parameters, thus admitting local minima (this is generally true when designing multidimensional filter-banks using a lattice structure). In both cases, we use multiple randomly selected start values for the optimization, to reduce the probability that we attain a local minima. Also, though the optimization problem is nonlinear and thus generally hard to ensure that a global minima is attained, we use the same optimization procedure ( routine, with multiple randomly selected starting points) for both the designs (PR and NPR) to ensure that there is a fair comparison of the results. Table I shows the stopband attenuation of the prototype filter and maximum deviation from unity (maximum ripple in the "nearness") for different values of . Table II shows results for a filter with a higher order. In particular, we use six stages of the lattice for the PR design, and for the NPR design, we use and a similar form for . The results in the above tables demonstrate that the stopband attenuation of the filters can be traded-off with the "nearness" of the NPR design. IV. CONCLUSION Two-P filter-banks have the advantage of simpler design due to the design of a single prototype filter. In this letter, we extended the design method of Two-P filter-banks in [1] , to design NPR Two-P filter-banks. The formulation of the NPR design method is done on the polyphase components of the prototype filter. We also demonstrated by design examples that with NPR design, better stopband attenuation can be obtained at the expense of the PR property.
